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COHEN-MACAULAY EDGE-WEIGHTED EDGE IDEALS OF VERY
WELL-COVERED GRAPHS
SEYED AMIN SEYED FAKHARI, KOSUKE SHIBATA, NAOKI TERAI,
AND SIAMAK YASSEMI
Abstract. We characterize unmixed and Cohen-Macaulay edge-weighted edge ideals
of very well-covered graphs. We also provide examples of oriented graphs which have
unmixed and non-Cohen-Macaulay vertex-weighted edge ideals, while the edge ideal
of their underlying graph is Cohen-Macaulay. This disproves a conjecture posed by
Pitones, Reyes and Toledo.
1. Introduction
In this article, a graph means a simple graph without loops, multiple edges, and
isolated vertices. Let G be a graph with the vertex set V (G) = {x1, . . . , xn} and with
the edge set E(G). Suppose w : E(G) −→ Z>0 is an edge weight on G. We write Gw
for the pair (G,w) and call it an edge-weighted graph. Let S = K[x1, . . . , xn] be the
polynomial ring in n variables over a field K. The (edge-weighted) edge ideal of an
edge-weighted graph Gw was introduced in [12] and it is defined as
I(Gw) =
(
(xixj)
w(xixj) | xixj ∈ E(G)
)
,
(by abusing the notation, we identify the edges of G with quadratic squarefree mono-
mials of S). Paulsen and Sather-Wagstaff [12] studied the primary decomposition of
these ideals. They also investigated unmixedness and Cohen-Macaulayness of these
ideals, in the case that G is a cycle, tree or a complete graph. The aim of this paper
is to continue this study. In Section 3, we characterize unmixed and Cohen-Macaulay
properties of the edge-weighted edge ideals of very well-covered graphs (see Section
2 for the definition of very well-covered graphs). Our results can be seen as general-
izations of the results concerning the Cohen-Macaulay property of usual edge ideals
of very well-covered graphs (see e.g., [2, 3, 4, 8]). For other aspects of ring-theoretic
study for very well-covered graphs, see e.g., [1, 9, 10, 16].
Another kind of generalization of edge ideals is considered in [7, 13, 14]. In-
deed, Pitones, Reyes and Toledo [13] introduced the vertex-weighted edge ideal of
an oriented graph as follows. Let D = (V (D), E(D)) be an oriented graph with
V (D) = {x1, . . . , xn}, and let w : V (D) −→ Z>0 be a vertex-weighted on D. Set
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wj := w(xj). The vertex-weighted edge ideal of D is defined as
I(D) =
(
xix
ωj
j | (xi, xj ∈ E(D)
)
.
Pitones, Reyes and Toledo proposed the following conjecture.
Conjecture 1.1. [13, Conjecture 53] Let D be a vertex-weighted oriented graph and
let G be its underlying graph. If I(D) is unmixed and S/I(G) is Cohen-Macaulay,
then S/I(D) is Cohen-Macaulay.
In Section 4, we provide counterexamples for this conjecture.
We close this introduction by mentioning that unmixed and Cohen-Macaulay prop-
erties of vertex-weighted edge ideals of vertex-weighted oriented very well-covered
graphs are studied by Pitones, Reyes and Villarreal [14].
2. Preliminaries
In this section, we provide the definitions and basic facts which will be used in the
next sections. We refer to [5] and [18] for detailed information.
Let G be a graph with the vertex set V (G) = {x1 . . . , xn} and with the edge set
E(G). For every integer 1 ≤ i ≤ n, the degree of xi, denoted by degG xi , is the number
of edges of G which are incident to xi. For F ⊂ E(G) we denote (V (G), E(G) \ F )
by G− F . For a family F of 2-element subsets of V (G) the graph (V (G), E(G) ∪ F )
is denoted by G + F . A subset C ⊂ V (G) is a vertex cover of G if every edge of G
is incident with at least one vertex in C. A vertex cover C of G is called minimal if
there is no proper subset of C which is a vertex cover of G. A subset A of V (G) is
called an independent set of G if no two vertices of A are adjacent. An independent
set A of G is maximal if there exists no independent set which properly includes A.
Observe that C is a minimal vertex cover of G if and only if V (G) \ C is a maximal
independent set of G. A subset M ⊆ E(G) is a matching if e∩e′ = ∅, for every pair of
edges e, e′ ∈M . If every vertex of G is incident to an edge in M , then M is a perfect
matching of G. A graph G without isolated vertices is said to be very well-covered if
|V (G)| is an even integer and every maximal independent subset of G has cardinality
|V (G)|/2.
A graph G is called Cohen-Macaulay if S/I(G) is a Cohen-Macaulay ring. Here,
I(G) is the edge ideal of G, which is defined as
I(G) =
(
xixj | xixj ∈ E(G)
)
.
An ideal I ⊂ S is unmixed if the associated primes of S/I have the same height. It is
well known that I is unmixed if S/I is a Cohen-Macaulay ring. A graph G is called
unmixed if the minimal vertex covers of G have the same size. It can be easy seen
that G is an unmixed graph if and only if I(G) is an unmixed ideal. Also, note that
height I(G) is equal to the smallest size of vertex covers of G.
We introduce polarization according to [17]. Let I be a monomial ideal of S =
K[x1, . . . , xn] with minimal generators u1, . . . , um, where uj =
∏n
i=1 x
ai,j
i , 1 ≤ j ≤ m.
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For every i with 1 ≤ i ≤ n, let ai = max{ai,j | 1 ≤ j ≤ m}, and suppose that
T = K[x11, x12, . . . , x1a1 , x21, x22, . . . , x2a2 , . . . , xn1, xn2, . . . , xnan ]
is a polynomial ring over the field K. Let Ipol be the squarefree monomial ideal of
T with minimal generators upol1 , . . . , u
pol
m , where u
pol
j =
∏n
i=1
∏ai,j
k=1 xik, 1 ≤ j ≤ m.
The monomial upolj is called the polarization of uj , and the ideal I
pol is called the
polarization of I. It is well known that polarization preserves the height of ideal.
Moreover, I is an unmixed ideal if and only if Ipol is an unmixed ideal.
Finally, we recall the concept of Serre’s condition. Let I be a monomial ideal of S.
For a positive integer k, the ring S/I satisfies the Serre’s condition (Sk) if
depth(S/I)p ≥ min{dim(S/I)p, k}
for every p ∈ Spec(S/I).
Lemma 2.1. [15, Lemma 3.2.1] The following two conditions are equivalent.
(1) S/I satisfies the Serre’s condition (Sk).
(2) For every integer i with 0 ≤ i < dimS/I, the inequality
dimExtn−iS (S/I, S) ≤ i− k
holds, where the dimension of zero module is defined to be −∞.
3. Edge-weighted edge ideal of very well-covered graphs
In this section, we study the unmixed and Cohen-Macaulay properties of edge-
weighted edge ideal of very well-covered graphs. We first recall some known facts
about the structure of very well-covered graphs.
Lemma 3.1. [6] Let G be a very well-covered graph. Then G has a perfect matching.
By the above lemma, we may assume that the vertices of the very well-covered
graph G are labeled such that the following condition is satisfied.
(*) V (G) = X ∪ Y , X ∩ Y = ∅, where X = {x1, . . . , xh} is a minimal ver-
tex cover of G and Y = {y1, . . . , yh} is a maximal independent set of G such that
{x1y1, . . . , xhyh} ⊂ E(G).
Following the notations of condition (*), for the rest of this section, we set S =
K[x1, . . . , xh, y1, . . . , yh]. For later use, we recall the following characterization of very
well-covered graphs.
Proposition 3.2. [3, 11] Let G be a graph with 2h vertices, which are not isolated.
Assume that the vertices of G are labeled such that the condition (*) is satisfied. Then
G is very well-covered if and only if the following hold.
(i) If zixj, yjxk ∈ E(G), then zixk ∈ E(G) for distinct indices i, j and k and for
zi ∈ {xi, yi}.
(ii) If xiyj ∈ E(G), then xixj /∈ E(G).
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We are now ready to state and prove the first main result of this paper, which
characterizes edge-weighted very well-covered graphs with unmixed edge ideals.
Theorem 3.3. Let G be a very well-covered graph with 2h vertices and let w be an
edge weight on G. Moreover, assume that the vertices of G are labeled in such a way
that the condition (*) is satisfied. Then I(Gw) is unmixed if and only if the following
hold.
(i) If xizj ∈ E(G), then w(xizj) ≤ w(xiyi) and w(xizj) ≤ w(xjyj) for distinct
indices i, j, and for any vertex zj ∈ {xj , yj}.
(ii) If zixj and yjxk are edges of G, then w(zixk) ≤ w(zixj) and w(zixk) ≤ w(yjxk)
for distinct indices i, j, k and for zi ∈ {xi, yi}, or for distinct indices j, i = k
and for zi = yi.
Proof. Set J := I(Gw)
pol.
Suppose I(Gw) is unmixed. Then J is an unmixed ideal of height h. In particular,
for every integer i with 1 ≤ i ≤ h, any minimal prime of J contains exactly one
variable whose first index is i. We first prove condition (i). Assume that xizj ∈ E(G).
Set a := w(xizj) and b := w(xiyi). As
xi1xi2 · · ·xiazj1zj2 · · · zja ∈ J,
there is a minimal prime p1 of J with xia ∈ p1. By contradiction, suppose a > b. It
follows from
xi1xi2 · · ·xibyi1yi2 · · · yib ∈ J
that at least one of the variable xi1, xi2, . . . , xib, yi1, yi2, . . . , yib belongs to p1. There-
fore, p1 contains two variables with first index i, which is a contradiction. Hence,
a ≤ b.
Now, set c := w(xjyj) and suppose a > c. As
xi1xi2 · · ·xiazj1zj2 · · · zja ∈ J,
there is a minimal prime p2 of J with zja ∈ p2. Also, it follows from
xj1xj2 · · ·xjcyj1yj2 · · · yjc ∈ J
that at least one of the variable xj1, xj2, . . . , xjc, yj1, yj2, . . . , yjc belongs to p2. There-
fore, p2 contains two variables with first index j, which is a contradiction. Hence,
a ≤ c.
Next, we prove condition (ii). Assume that zixj and yjxk ∈ E(G). Since G is
unmixed, it follows from Proposition 3.2 that zixk ∈ E(G) (this is trivially true, if
i = k and for zi = yi). Set d := w(zixk), e := w(zixj), f := w(yjxk). Suppose d > e.
Since w(zixk) = d, it follows that
zi1zi2 · · · zi(d−1)xk1xk2 · · ·xkf /∈ J.
Thus, there is a minimal prime p3 of J with
zi1zi2 · · · zi(d−1)xk1xk2 · · ·xkf /∈ p3.
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Hence, neither of the variables zi1, zi2, . . . , zi(d−1), xk1, xk2, . . . , xkf belongs to p3. Then
we deduce from
zi1zi2 · · · ziexj1xj2 · · ·xje, yj1yj2 · · · yjfxk1xk2 · · ·xkf ∈ J
that xjs, yjt ∈ p3, for some positive integers s and t. This is a contradiction, as no
minimal prime of J can contain both of xjs and yjt. Thus, d ≤ e.
Suppose d > f . Since
zi1zi2 · · · ziexk1xk2 · · ·xk(d−1) /∈ J,
there is a minimal prime p4 of J which contains neither of the variables
zi1, zi2, . . . , zie, xk1, xk2, . . . , xk(d−1).
It follows from
zi1zi2 · · · ziexj1xj2 · · ·xje, yj1yj2 · · · yjfxk1xk2 · · ·xkf ∈ J
that xjℓ, yjr ∈ p4, for some positive integers ℓ and r. This is again a contradiction.
Therefore, d ≤ f .
We now prove the reverse implication. Suppose conditions (i) and (ii) hold and
assume by contradiction that I(Gw) is not unmixed. Hence, J is not an unmixed
ideal. Thus, there is a minimal prime p of J such that xjp, yjq ∈ p, for some integers
j, p, q ≥ 1. As above set c := w(xjyj).
Assume p > c. Since p is a minimal prime of J , there is i 6= j and zi ∈ {xi, yi} such
that zixj ∈ E(G) and w(zixj) ≥ p. Then by (i), we have c ≥ w(zixj) ≥ p > c, which
is a contradiction. Hence p ≤ c.
Suppose q > c. Since p is a minimal prime of J , there is k 6= j such that yjxk ∈ E(G)
with w(yjxk) ≥ q. Then by (i) we have c ≥ w(yjxk) ≥ q > c, which is a contradiction.
Therefore, q ≤ c.
Since p is a minimal prime of J , there is ℓ 6= j and zℓ ∈ {xℓ, yℓ} such that zℓxj ∈
E(G) with α := w(zℓxj) ≥ p and
zℓ1, zℓ2, . . . , zℓα 6∈ p.
Similarly,, there is r 6= j such that yjxr ∈ E(G) with β := w(yjxr) ≥ q and
xr1, xr2, . . . , xrβ 6∈ p.
By Proposition 3.2, zℓxr ∈ E(G). Set γ := w(zℓxr). It follows from condition (ii) that
γ ≤ α and γ ≤ β. Thus,
zℓ1, zℓ2, . . . , zℓγ, xr1, xr2, . . . , xrγ /∈ p.
This contradicts
zℓ1zℓ2 · · · zℓγxr1xr2 · · ·xrγ ∈ J.
Hence, I(Gw) is an unmixed ideal. 
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Remark 3.4. Let G be a very well-covered graph and let w be an edge weight,
such that I(Gw) is an unmixed ideal. Assume that the vertices of G are labeled in
such a way that the condition (*) is satisfied. It follows from Theorem 3.3 that if
xiyj, xjyi ∈ E(G), then w(xiyi) = w(xjyj) = w(xiyj) = w(xjyi).
Our next goal is to provide a combinatorial characterization for Cohen-Macaulayness
of edge-weighted edge ideal of very well-covered graphs. First we summarize the known
results concerning the Cohen-Macaulay property of a (non-weighted) very well-covered
graph.
Lemma 3.5. [3] Let G be an unmixed graph with 2h vertices, which are not isolated,
and assume that the vertices of G are labeled such the condition (*) is satisfied. If
G is a Cohen-Macaulay graph then there exists a suitable simultaneous change of
labeling on both {xi}
h
i=1 and {yi}
h
i=1 (i.e., we relabel (xi1 , . . . , xih) and (yi1, . . . , yih) as
(x1, . . . , xh) and (y1, . . . , yh) at the same time), such that xiyj ∈ E(G) implies i ≤ j.
Hence, for a Cohen-Macaulay very well-covered graph G satisfying the condition
(*), we may assume that
(**) xiyj ∈ E(G) implies i ≤ j.
Now we recall Cohen-Macaulay criterion for very well-covered graphs. See also [2, 4]
for different characterizations.
Theorem 3.6. [3] Let G be a graph with 2h vertices, which are not isolated and
assume that the vertices of G are labeled such that the conditions (*) and (**) are
satisfied. Then the following conditions are equivalent:
(1) G is Cohen-Macaulay;
(2) G is unmixed;
(3) The following conditions hold:
(i) If zixj, yjxk ∈ E(G), then zixk ∈ E(G) for distinct indices i, j, k and for
zi ∈ {xi, yi};
(ii) If xiyj ∈ E(G), then xixj /∈ E(G).
In order to study the Cohen-Macaulay property of edge-weighted edge ideal of very
well-covered graphs, we introduce an operator which allows us to construct a new
weighted very well-covered graph from a given one.
Let Gw be a weighted very well-covered graph with n = 2h vertices and assume
that the vertices of G are labeled such that the condition (*) is satisfied. For any
i ∈ [h] := {1, . . . , h}, set
Ni := {k ∈ [h] : xkyi ∈ E(G)} \ {i},
and define the base graph Oi(G) as follows
Oi(G) := G− {xkyi : k ∈ Ni}+ {xkxi : k ∈ Ni}.
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Now we define the weight w′ on Oi(G) by
w′(e) =
{
w(xkyi) if e = xkxi, k ∈ Ni
w(e) otherwise.
Finally, we set
Oi(Gw) := Oi(G)w′.
We are now ready to prove the second main result of this paper.
Theorem 3.7. Let G be a Cohen-Macaulay very well-covered graph and let w be an
edge weight on G. Then the following conditions are equivalent.
(1) I(Gw) is an unmixed ideal.
(2) S/I(Gw) is a Cohen-Macaulay ring.
Proof. The implication (2) =⇒ (1) is well known. So, we prove (1) implies (2). As
G is a Cohen-Macaulay very well-covered graph, we may assume that conditions (*)
and (**) are satisfied. In particular, |V (G)| = 2h. It follows from unmixedness of
I(Gw) that the height of every associated prime of S/I(Gw) is h. Thus, for every
p ∈ AssS/I(Gw) and for every integer k with 1 ≤ k ≤ h, exactly one of xk and yk
belongs to p.
We use induction on m :=
∑h
i=1 degG yi. For m = h, the assertion follows from
[12, Theorem 5.7]. Hence, suppose m > h. Then there exists an integer k with
1 ≤ k ≤ h such that deg yk ≥ 2. By contradiction, assume that S/I(Gw) is not
Cohen-Macaulay. Set G′w′ = Ok(Gw). Using Theorem 3.3, one can easily check that
I(G′w′) is an unmixed ideal. By induction hypotheses S/I(G
′
w′) is Cohen-Macaulay.
Therefore,
(S/I(Gw))/(xk − yk) ∼= (S/I(G
′
w′))/(xk − yk)
is Cohen-Macaulay. Since S/I(Gw) is not Cohen-Macaulay, xk − yk is not regular on
S/I(Gw). Hence,
xk − yk ∈
⋃
p∈AssS/I(Gw)
p.
Thus, there exists an associated prime ideal p of S/I(Gw) such that xk − yk ∈ p.
Consequently, xk, yk ∈ p. This is a contradiction and proves that S/I(Gw) is Cohen-
Macaulay. 
It is well known (and easy to prove) that every unmixed bipartite graph is very
well-covered. Hence, as an immediate consequence of Theorem 3.7, we obtain the
following corollary.
Corollary 3.8. Let G be a Cohen-Macaulay bipartite graph and let w be an edge
weight on G. Then the following conditions are equivalent.
(1) I(Gw) is an unmixed ideal.
(2) S/I(Gw) is a Cohen-Macaulay ring.
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4. Examples
Let D be a vertex-weighted oriented graph and let G be its underlying graph. As
we mentioned in Section 1, Pitones, Reyes and Toledo conjectured that S/I(D) is
Cohen-Macaulay, if I(D) is unmixed and S/I(G) is Cohen-Macaulay (see Conjecture
1.1). The following example shows that the assertion of Conjecture 1.1 is not true.
Example 4.1. Let K be a field with char(K) = 0 and let D be the oriented graph
with vertex set V (D) = {x1, . . . , x11} and edge set
E(D) =
{
(x1, x3), (x1, x4), (x7, x1), (x1, x10), (x1, x11), (x2, x4), (x2, x5),
(x2, x8), (x2, x10), (x2, x11), (x3, x5), (x3, x6), (x3, x8), (x3, x11),
(x4, x6), (x4, x9), (x4, x11), (x7, x5), (x5, x9), (x11, x5), (x6, x8),
(x6, x9), (x9, x7), (x7, x10), (x8, x10)
}
.
Consider the weight functions
w1(xi) =
{
1 if i 6= 11
2 if i = 11,
and
w2(xi) =
{
1 if i 6= 7
2 if i = 7.
For i = 1, 2, let Di be the vertex-weighted oriented graph obtained from D by consid-
ering the weight function wi. Then
I(D1) =(x1x3, x1x4, x1x7, x1x10, x1x
2
11, x2x4, x2x5, x2x8, x2x10, x2x
2
11,
x3x5, x3x6, x3x8, x3x
2
11, x4x6, x4x9, x4x
2
11, x5x7, x5x9, x5x11,
x6x8, x6x9, x7x9, x7x10, x8x10),
and
I(D2) =(x1x3, x1x4, x1x7, x1x10, x1x11, x2x4, x2x5, x2x8, x2x10, x2x11,
x3x5, x3x6, x3x8, x3x11, x4x6, x4x9, x4x11, x5x7, x5x9, x5x11,
x6x8, x6x9, x
2
7x9, x7x10, x8x10).
Let G be the underlying graph of D. The edge ideal I(G) of G comes from the tri-
angulation of the real projective plane (see for example [18, Exercise 6.3.65]). It is
known that S/I(G) is Cohen-Macaulay. However, for i = 1, 2, Macaulay2 computa-
tion shows that I(Di) is unmixed but not Cohen-Macaulay, disproving Conjecture 1.1.
We show that S/I(D1) satisfies the Serre’s condition (S2) condition, while S/I(D2)
does not. Using Macaulay2 we know that depthS/I(Di) = 2 for i = 1, 2. Since for
i = 1, 2, dimS/I(Di) = 3, the quotient ring S/I(Di) satisfies (S2) condition if and
only if
dimExt9S(S/I(Di), S) = dimExt
11−2
S (S/I(Di), S) ≤ 2− 2 = 0,
by Lemma 2.1. With Macaulay2, one can check that dimExt9S(S/I(D1), S) = 0 and
dimExt9S(S/I(D2), S) = 1.
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The following example provide counterexamples for the edge-weighted version of
Conjecture 1.1.
Example 4.2. Let K be a field with char(K) = 0 and let G be the same graph as in
Example 4.1. Consider the following weighted edge ideals.
I(Gw1) =(x1x3, x1x4, x1x7, x1x10, x1x11, x2x4, x2x5, x2x8, x2x10, x2x11,
x3x5, x3x6, x3x8, x3x11, x4x6, x4x9, x4x11, x5x7, x5x9, x5x11,
x6x8, x6x9, x7x9, x7x10, x
2
8x
2
10).
I(Gw2) =(x
2
1x
2
3, x
2
1x
2
4, x
2
1x
2
7, x
2
1x
2
10, x
2
1x
2
11, x
2
2x
2
4, x
2
2x
2
5, x
2
2x
2
8, x
2
2x
2
10, x
2
2x
2
11,
x23x
2
5, x
2
3x
2
6, x
2
3x
2
8, x
2
3x
2
11, x
2
4x
2
6, x
2
4x
2
9, x
2
4x
2
11, x
2
5x
2
7, x
2
5x
2
9, x
2
5x
2
11,
x26x
2
8, x
2
6x
2
9, x
2
7x
2
9, x
2
7x
2
10, x8x10).
Then S/I(G) is Cohen-Macaulay. However, Macaulay2 computation shows that
I(Gw1) is unmixed, but S/I(Gw1) does not satisfy the Serre’s condition (S2). On
the other hand, Macaulay2 computation shows that I(Gw2) is unmixed and S/I(Gw2)
satisfies the Serre’s condition (S2) condition, but it is not Cohen-Macaulay.
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